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Abstract
An analysis about the antisymmetric tensor matter fields Avdeev-
Chizhov theory in a curved space-time is performed. We show, in a curved
spacetime , that the Avdeev-Chizhov theory can be seen as a kind of a λϕ4
theory for a ”complex self-dual” field. This relationship between Avdeev-
Chizhov theory and λϕ4 theory simplify the study of tensor matter fields
in a curved space-time. The energy-momentum tensor for matter fields is
computed.
1 Introduction
Antisymmetric tensor fields have been introduced since many years and are
object of continuous and renewed interests due to their connection with the
topological field theories [1, 2, 3, 4]. In 1994 L.V. Avdeev and M.V. Chizhov
[5] achieved the construction of a four dimensional abelian gauge model which
includes antisymmetric second rank tensor fields as matter fields rather than
gauge fields. The model contains also a coupling of the antisymmetric fields
with chiral spinors and a quartic tensor self-interaction term. It exhibits several
features among which we underline the asymptotically free ultraviolet behavior
of the abelian gauge interaction. More recently V. Lemes, R.R. Landim and
S.P. Sorella [6] found the interesting result that the tensor matter invariant
lagrangian proposed for Avdeev-Chizhov can be seen as a kind of a λϕ4 theory
for a complex antisymmetric field satisfying a ”complex self-dual condition” in
Minkowski spacetime, give us a straightforward way of obtaining its nonabelian
generalization.
In this work we shall to generalize the Avdeev-Chizhov theory for curved space-
times. It would be a very tiresome task. Therefore we shall begin this analysis
studying the relationship between Avdeev-Chizhov theory and λϕ4 theory in a
curved space-time. We shall show that the equivalence between Avdeev-Chizhov
theory and λϕ4 theory archived for [6] in a flat space-time remains if a curvature
is introduced. As we shall see, It will simplify the study of tensor matter fields
in a curved space-time.
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2 Complex self-dual condition in a curved space-
time
The self-dual complex condition introduced in [6] depend on signature and di-
mension of space-time. In this section we shall investigate the self-dual complex
condition in a four dimensional curved space-time with signature -2, which is
used in general relativity.
The dual of a tensor Fµν is defined as:
F˜µν =
1
2
ǫµνρσF
ρσ , (1)
with
ǫµνρσ =
√
−gεµνρσ ; ǫµνρσ =
1√−g ε
µνρσ , (2)
where εµνρσ is the Levi-Civita tensor.
Let us build the complex field ϕµν like in the flat case [6]:
ϕµν = Tµν + iT˜µν . (3)
Then, we have:
ϕ˜µν = T˜µν + i
˜˜
Tµν ,
where T˜µν is given for (1) and
˜˜
Tµν = −Tµν . (4)
Hence, we have
ϕ˜µν = T˜µν − iTµν → iϕ˜µν = Tµν + iT˜µν = ϕµν
or
iϕ˜µν = ϕµν . (5)
Then we can build complex self-dual fields in a four dimensional curved space-
times with signature -2.
3 Tensor matter fields as a λϕ4 theory in a curved
space-time
We shall show now that the Avdeev-Chizhov theory for matter fields can be seen
as a kind of λϕ4 theory in a curved space-time for a self-dual complex field ϕµν .
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Firstly, let us write the action for complex field ϕµν in Minkowski space-time:
Sinv =
∫
d4x− 1
4g2
FµνF
µν + iψ¯γµ∂µψ − ψ¯γµγ5Aµψ (6)
−
∫
d4x
(
(ϕµν|µ)
∗(ϕ |σσν ) +
q
8
(ϕ∗µνϕναϕ
∗αβϕβµ)
)
+
∫
d4x
1
2
yψ¯σµν(ϕ
∗µν + ϕµν)ψ,
where ϕ| indicates the gauge covariante derivative of ϕ field [7],which we go to
define as
ϕµν | α = −i(ϕµν , α − 2iAαϕµν), (7)
what is justified by the fact ϕ| transforms under gauge transformations (12) as
the fields ϕ.
The action (7) is invariant under the infinitesimal abelian gauge transforma-
tions:
δ Aµ = ∂µω , δψ = −iωγ5ψ , (8)
δ ψ¯ = −iωψ¯γ5 , δϕµν = −2ωϕµν .
Let us now, using the general covariance principle, perform the following trans-
formations:
ηµν → gµν ; d4x→
√
−gd4x
ϕµν, α → ϕµν; α ; ϕµν|α → ϕ
µν
||α
γµ → ρµ ; ψ, µ → ψ; µ,
where ϕ|| indicates the gauge and coordinate covariante derivative of ϕ field [7],
which is defined as
ϕµν || α = −i(ϕµν ; α − 2iAαϕµν) (9)
Let us also include the gravitational action
Sg =
∫√
−gRd4x
where R = gµνR
µν is the Ricci scalar.
Then, the action for the ϕµν field in a curved space-time is :
Sinv =
∫√
−gd4x( 116piGR− 14g2FµνFµν + iρµψ; µ − ψ¯ρµγ5Aµψ − (ϕ
µν
‖µ)
∗(ϕ
‖σ
σν )
+ q8 (ϕ
∗µνϕναϕ
∗αβϕβµ) +
1
2yψ¯σµν(ϕ
∗µν + ϕµν)ψ ). (10)
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The action (10) is, like in the flat case, invariant under the infinitesimal abelian
gauge transformations: :
δAµ = ω; µ = ω, µ ; δψ = −iωγ5ψ (11)
δψ¯ = −iωψ¯γ5 ; δϕµν = −2ωϕµν.
Writing ϕµν as
ϕµν = Tµν + iT˜µν , (12)
and using the following identities :
T˜µλT˜
λν = TµλT
λν +
1
2
δνµTαβT
αβ,
TµλT˜
λν = −1
4
δνµ TαβT˜
βα, (13)
T˜µρT˜
σρ
; σ = −
1
2
TαβTαβ; µ − (Tλµ; σ)T σλ, (14)
T˜αβT
αβ; µ
; µ = −2TαβT˜ να; β; ν − 2T˜αβT να; β; ν , (15)
after a straightforward calculation, we thus arrive at the following action
Sinv =
∫√
−gd4x( 116piGR− 14g2FµνFµν + iρµψ; µ − ρµγ5Aµψ + 12 (Tµν; λ)
2 − 2(T ; µµν )
2
+4Aµ(T
µν T˜ ; λλν − T˜ µνT
; λ
λν ) + 4(
1
2 (AλTµν)
2 − 2(AµTµν)2)
+yψ¯σµνT
µνψ + q4 (
1
2 (TµνT
µν)
2 − 2TµνT νρTρλT λµ) ),
and
δAµ = ω; µ = ω, µ ; δψ = −iωγ5ψ (16)
δψ¯ = −iωψ¯γ5 ; δTµν = −2ωT˜µν.
The action above is a Avdeev-Chizhov like action in a curved space-time.
4 Energy-momentum tensor
In this section we shall to compute the energy-momentum tensor for antisym-
metric matter fields. As we shall see, the relationship between Avdeev-Chizhov
and λϕ4 theory simplify this.
The energy-momentum tensor is very important in general relativity for describe
the matter distribution which acts as sources for the gravitational field. It is
defined as [7]
Θµν =
2√−g
{∂(√−gL)
∂gµν
− ∂
∂xα
[
∂(
√−gL)
∂gµν, α
]
}
. (17)
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The direct use of Avdeev-Chizhov Lagrangian in (17) would lead to very tire-
some computations. Then let us use the Lagrangian for ϕµν rather the La-
grangian for Tµν field.
Firstly, let us analyze the second term of right side of (17), which is what it
gives more work to calculate. We have that only the kinetic term of (10) could
depend on derivatives of the metric in relation to the coordinates. However,
using the self-dual complex condition (5) and the following identity:
ϕ˜αβ|| α =
1
2
ǫαβµνϕµν| α, (18)
we have that:
(ϕµν|| µ)
∗(ϕ || σσν ) = g
σωgρφgτγǫµναβǫωνφγ(ϕαβ |µ)
∗(ϕρτ |σ)
=
−1
4
gσωgρφgτγδµαβωφγ (ϕαβ |µ)
∗(ϕρτ |σ).
As we see, the Lagrangian for ϕµν field don’t depend on metric derivatives.
Hence the second term of right side of (17) vanish.
Computing the other term we found for energy-momentum tensor:
Θµν = 3g
ρφ(ϕ[φν ,ω])
∗(ϕ , ωρµ −
1
2
gτωϕρτ , µ) (19)
− q
8
(ϕ∗λγϕγµϕ
∗β
ν ϕβλ + 3ϕ
∗λγϕ σγ ϕ
∗
σνϕµλ)
− 1
2
gµνL+ (µ↔ ν). (20)
In terms of matter field Tµν we have:
Θµν = − (3/2)gρφT[ωφ , ν](T , ωρµ −
1
2
gτωTρτ , µ) + (T → T˜ )
+
q
2
(T λµ TνλT
ωφTωφ + 4TβνTµλT
λαT βα )
− 1
2
gµνL+ (µ↔ ν).
If we include the interactions of tensor matter fields with eletromagnetic
field, we shall to find
Θµν = 3g
ρφ(ϕ[φν | ω])
∗(ϕ | ωρµ −
1
2
gτωϕρτ | µ) (21)
− q
8
(ϕ∗λγϕγµϕ
∗β
ν ϕβλ + 3ϕ
∗λγϕ σγ ϕ
∗
σνϕµλ)
+
1
4h2
√
−g
(1
4
gµνFαβF
αβ − FµαF αν
)
− 1
2
gµνL+ (µ↔ ν). (22)
It’s easy to verify that Θµν is invariant under gauge transformations (12)
δΘµν = 0. (23)
5
5 Conclusion
We have shown here that Avdeev-Chizhov theory for antisymmetric tensor mat-
ter fields can been seen as a kind of λϕ4 theory for a self-dual complex field in
a curved space-time. Also we have shown that the relationship above simplifies
the computation of energy-momentum tensor, fundamental object in general
relativity, for matter fields in a curved space-time, making the study of Avdeev-
Chizhov theory in a curved space-time easier.
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